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Abstract

We consider the fourth order thin film equation. Firstly, we introduce a scheme for a spatial discretization of this equation. To this aim, we discuss how to rewrite the equation using the
Lagrangian picture. It allows us to define a spatial discretization based on "mass coordinates’. We discuss the convergence of discrete solutions to the strong solution of the initial equation. We
then turn to the question of the dynamical properties of another discretization of the initial equation. The waiting time phenomenon of the edge of the support is introduced and then treated

following the ideas of [1].

The equation

Consider the fourth order nonlinear degenerate parabolic equation
with t > 0, x € (), (1)
a,b] for some a,b € R, a < b. The parameter n € R is

(I (unuxa::c):c = ()

of the function u(x,t) where ) =
such that n € (0,2) \ {1}.
The boundary conditions are

Uy = U 'Uppr =0 for x € Osupp(u)  for every t > 0.

The initial value is given by a function vy, € H'(Q):
u(x,0) = up(x), x €,

and uy > 0 almost everywhere in ). We assume that the total mass of uy(x) is one:

/Q up(z)dz = 1. (2)

Lagrangian picture

The total mass (2) is preserved, that is,

/u(az,t)d:z: =1 for all t > 0.
Q

The "mass coordinates” are maps X (-, t) : |0, 1] — R implicitly given by
t

X (&)
§ = / u(x,t)dx for all £ € [0, 1].

Consequently, for each & € |0,1]| the amount of mass
left to X (£,1) equals &, and the new coordinates trace
the masses.

% We introduce the new variable

&) 2(6.) = g g = MX(ED.

and want to rewrite the equation (1) in terms of the variables X and Z. Two equivalent
formulations are

*

OX = Z"(Z(ZZ)e),. (3)
1
_ r7n—1 3 T r72rz72
X =Z (Z Zec+ 52 Zg)g. (4)

Spatial discretizations

We discretize first with respect to the mass coordinate & € |[0,1]. The discretization
parameter is K > 2, and [0, 1] is subdivided into K equidistant intervals of the length §.
This mesh is &, k € {0,1,2,..., K'}.

The corresponding points x;, € R and values u,. = 2. > 0,k € {2, e K —
that z,. = 0

Lk+1/2—Lr—1/2 .

1
5} are such

3
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The correspondence for a non-equidistant discretization of the mass space. Source: [2].
The equations (3) and (4) motivate us to introduce the discretizations

ir = RyiDy (ZD*(MZZ— 1))), where R, = (2 — n)Mk (Z_g]’;i F=D (5)

(2 —n)Dgz ; 15,5
D (22 Dip(2°Az + 57 A(z7)). (6)

Here D and D* are the usual discrete difference operators corresponding to the integer or
half-integer indices, A is the discrete laplacian and M is the mean value. For details see [1].

T =

Convergence of the discrete scheme

Consider the spatial discretizations (5) with the assumption that there exist constants
Zrin > 0 and 0 < 2,,,,, < 00 such that z,,;, < 2. < 2,4, for all s.
Construct the discrete density u° : € — [0,00) as @W(x) = 2. = wu, when

T € | Ty_1/2, Trr1/2).
Fix a time horizon T > 0.

), ¥ € C’OO(( T')) the equation
t)dtdx = // (x, 1) Uze (2, T))(t)dtd,

A strong solution must satisfy for all o € C3°(€2

//xt

where () =

Waiting times

Consider the discretizations (6) of the equation (1).

The waiting time phemomenon means that the support of the solution cannot expand im-
mediately after initialization. The edge of support only moves when the solution has gained
a certain steepness there, see the condition (7) below.

We provide a qualitative illustration of the solutions to the discrete thin

film equation with n = 1 and K = 50. The top row shows an overlay of snapshots of the
density in physical space at different instances of time, the bottom row shows the position
of the Lagrangian points x;(t) as functions of time. The two columns correspond to two
particular choices of the initial condition ().

Source: [1].
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