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Introduction

In deformation theory, the following question naturally arises: Given a scheme X with only mild singularities, what can we say about the singularities of local deformations of X7 For X
containing at worst isolated toric singularities, a conjecture by Riemenschneider formulates a possible answer. If X is a scheme over a field with characteristic 0, the conjecture is known to be
true. However, for schemes over fields of positive characteristic, the conjecture is not yet known.

Riemenschneiders conjecture History of relevant results
In 1974, Riemenschneider in [Rie74] formulated the following conjecture: The following table gives an overview of the cases for which Riemenschneiders
conjecture has been proven. The last three columns show the dimensions d,
Local deformations of isolated toric singularities contain the embedding dimension e, and the characteristic of the underlying ground field
at worst toric singularities. char k for which a proof has been found.
Authors d € char k
Schlessinger Sch7l] >3 any 0
Def . Riemenschneider Rie74] 2 <5 0
erormations Kollar and Shepherd-Barron KSB88] 2 any 0
o | _ _iedtke, Martin, and Matsumoto [LMM] > 3 any > ()
Let X be of finite type over k£ and .S the spectrum of a local noetherian k-algebra. A local deformation This means that dim 2, char > 0 is still open!

of X over S is a pull-back diagram of the form
X =5Speck xg X — X

[

Spec k > 9,

Additionally, in a series of PhD-theses by Arndt, Brohme, and Hamm, an algorith-
mic construction of versal deformations of toric surface singularities over C was
found. The versal deformation lets us determine exactly which singularities can
be obtained by deforming isolated toric surface singularities.

where 7 is a flat morphism. If the isomorphism X = Speck xg X is clear, we will refer to X = S
as a local deformation. |
A local deformation X = S is called versal if for every other local deformation ) s R can be

obtained from X = S by basechange, F'nd'ng versal deformatlons

y — X The construction of a versal deformation {x(,, . Gy of an isolated toric surface
lﬂ,J . singularity X (ao, ..., a._1) over C that was first given by Arndt in [Arn88] is an
4 e iterative procedure. Given a singularity X (as,...,a._1), we first construct the

7o versal deformations {x(,,), - -, &x(, ,)- In the next step, the versal deformations

EX(aia;,,) are constructed by combining x4, and Exg,.,)- Then, x4, and
EX(ai,1,05,,) CAN be combined into a versal deformation {x(, 4,.,.4.,,) and so on, until
we have a versal deformation {x (4, 4. )

Toric Singularities

ae 1>
Starting with a strongly convex polyhedral cone, an affine toric variety can be constructed in the
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following way:
cone 0 — dual cone 0¥ — semigroup S, — group algebra k[S,| — affine toric variety U,

A toric singularity is a singularity occuring in toric varieties.

Example.
The A, singularities are toric singularities, coming from the two-dimensional cones

;= cone{(?) | (_nnH)} S U, = Spec XY Z)fx 7 — ym
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Example

The cone and associated affine toric variety with singularity As.
Example (Versal deformation of X (as)). Consider the toric surface singularity

X (ay) over a field k. If chark { as, then a versal deformation of X (as) is given
by

In order to talk about the isolated singularity as it's own algebro-geometric object, we identify it with

the spectrum of the completion of it's local ring.

Example. Consider the affine toric variety

(1))

— U, = Spec FIX1L X2, X5, Xl Jx, X5 — X X0 X, — X3, XX, — X5X2).
This variety has an isolated singularity at (0,0,0,0), namely the singularity

X(CLQ) — Speck[[tl,...,t@_l]][X YZ]/(XZ Yn—i_zz ; H—lY)

EX(ay) = l l

Spec k > Speck|[ty, ..., th_1]]

On the other hand, if char k| as, then a versal deformation is given by

X(ZL, 3) — SpGC k[[le XQ; XS; X4H/(X1X3 — XSL, X2X4 — X§7 X1X4 — X§X32) X(CLQ) SN Speck[[tl, e ,th[X, Y, Z]/(XZ yn 4+ Zz | z+1Y)
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Every toric surface can be written as a quotient of a polynomial ring k| X1, ..., X.| by some ideal §X<a2> — l l
[ containing among others some polynomials of the form X ;X35 — X7, ... X, o X, — X'}'. The
numbers ao, ..., a._1 suffice to specify the toric surface in question and the singularity of the corre- Speck > Speck{[ty, ... ]l

sponding toric surface is denoted X (as, ..., a._1). Note: The versal deformation is dependent on the characteristic.

gularity and vice-versa. Therefore, all papers about

toric sin
t singularity 15 3 s about toric singularities.

larities can also be read as paper

Every cyclic quot|en
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