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Notation

Cn := {C ⊂ Rn, C compact convex}, Cn
0 := {C ⊂ Cn, 0 ∈ intC};

K ∈ Cn, C ∈ Cn
0 always.

Polar : C◦ =
{
a ∈ Rn : aTx ≤ 1, x ∈ C

}
Support function: hC(·) : Rn → R, hC(a) := maxx∈C aTs
Gauge function: ∥x∥C = min{λ ≥ 0 : x ∈ λC}
Circumradius: R(K,C) := min{ρ ≥ 0 : ∃t ∈ Rn such that K ⊂ t + ρC}
Inradius: r(K,C) := max{ρ ≥ 0 : ∃t ∈ Rn such that t + ρC ⊂ K}

Diameter Definitions

•Minimum diameter :
DMIN(K,C) = max

x,y∈K
∥x− y∥C

•Harmonic diameter :

DHM(K,C) = max
x,y∈K

1

2
(∥x− y∥C + ∥y − x∥C)

•Arithmetic diameter (standard diameter):

DAM(K,C) = max
x,y∈K

2R([x, y], C) = max
s∈Rn\{0}

2 · hK(s) + hK(−s)

hC(s) + hC(−s)

•Maximum diameter :

DMAX = max
s∈Rn\{0}

hK(s) + hK(−s)

max{hC(s), hC(−s)}
• If C 0-symmetric

D(K,C) = DMIN(K,C) = DHM(K,C) = DAM(K,C) = DMAX(K,C)

Symmetrizations

Symmetrizing the second argument:

•DMIN(K,C) = D(K,C ∩ (−C))

•DHM(K,C) = D(K,
(
C◦−C◦

2

)◦
)

•DAM(K,C) = D(K, C−C
2 )

•DMAX = D(K, conv(C ∪ (−C)))

Symmetrizations:

•minimum CMIN := C ∩ −C

• harmonic mean CHM :=
(
C◦−C◦

2

)◦
• arithmetic mean CAM := C−C

2

•maximum CMAX := conv(C ∪ −C)

Notation:M ∈ {MIN,HM,AM,MAX} Fig. 1: The regular triangle (black) and its

symmetrizations: minimum (blue), harmonic mean

(purple), arithmetic mean (red), maximum (orange).

Extended harmonic-arithmetic mean inequality:

CMIN ⊂ CHM ⊂ CAM ⊂ CMAX,

with equality between any of the means if and only if C = −C.
Centering the gauge:
Minkowski-asymmetry: s(C) := R(C,−C)
C is Minkowski-centered if C ⊂ −s(C)C.

Completion of the Gauge

•K complete: every K̃ ⊃ K has larger diameter

•Completion: K∗ ⊃ K, complete, with DM(K,C) = DM(K
∗, C)

•Gauge C always complete for M = AM or if C = −C.

•CM complete w. r. t. C using DM.

• Let C ∈ Cn
0 be Minkowski-centered. The following are equivalent:

i) s(C)+1
2 CHM is a completion of C using DHM,

ii)R(CAM, CHM) =
s(C)+1

2 and

iii)D(C,CHM) = 2R(C,CHM).

•CMAX is always a completion of C using DMAX.

• ρCMIN is a completion of C using DMIN iff ρ = s(C) = 1 (C = −C).

Blaschke-Santaló Diagrams

Given a gauge C ∈ Cn
0 and values (r, R,D), is there a convex body K ∈ Cn such that its

inradius w. r. t. C is r, its circumradius is R, and its diameter is D?
Blaschke-Santaló diagram: fM(Cn, C) with

fM : Cn × Cn
0 → R2, fM(K,C) =

(
r(K,C)

R(K,C)
,
DM(K,C)

2R(K,C)

)
Diagrams for triangular gauges

• fAM(C2, S) = fAM(C2, C2
0) given for triangular gauges S in [1].

• fM(C2, S) for the remaining diameters and Minkowski-centered triangular gauges S.

Inequalities

For example with M = MAX:

Theorem 1 For every Minkowski-centered triangle S the diagram fMAX(C2, S) is fully de-
scribed by the inequalities

DMAX(K,S)

2
≤ R(K,S)

r(K,S) ≤ DMAX(K,S)

2
0 ≤ r(K,S)

R(K,S) ≤ DMAX(K,S)(
DMAX(K,S)

R(K,S)
− 1

2

)(
3

2
− DMAX(K,S)

R(K,S)

)
≤ r(K,S)

R(K,S)
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